Abstract-In this paper, we derive quasi-static equivalent-circuit models for the analysis and design of different types of artificial magnetic resonators-i.e., the multiple split-ring resonator, spiral resonator, and labyrinth resonator-which represent popular inclusions to synthesize artificial materials and metamaterials with anomalous values of the permeability in the microwave and millimeter-wave frequency ranges. The proposed models, derived in terms of equivalent circuits, represent an extension of the models presented in a recent publication. In particular, the extended models take into account the presence of a dielectric substrate hosting the metallic inclusions and the losses due to the finite conductivity of the conductors and the finite resistivity of the dielectrics. Exploiting these circuit models, it is possible to accurately predict not only the resonant frequency of the individual inclusions, but also their quality factor and the relative permeability of metamaterial samples made by given arrangements of such inclusions. Finally, the three models have been tested against full-wave simulations and measurements, showing a good accuracy. This result opens the door to a quick and accurate design of the artificial magnetic inclusions to fabricate real-life metamaterial samples with anomalous values of the permeability.
The inclusions react to the impinging magnetic field, and provided that the dimensions of and the separation between the inclusions are small compared to the wavelength, the magnetic response of the artificial material can be expressed in terms of a macroscopic permeability function [4] [5] [6] .
In most cases, the main reason to employ artificial magnetic metamaterials in the design of transmissive and radiating microwave components is related to the possibility of squeezing the component dimensions [6] [7] [8] [9] [10] by using electrically small samples of artificial magnetic materials (planar slabs, cylindrical shells, rods, etc.). Since in some cases [6] [7] [8] [9] there is no theoretical limitation for the achievable miniaturization (i.e., the dimensions of the materials can be, in principle, even infinitesimal), the only intrinsic limit is represented by the dimensions of the inclusions used to fabricate the needed metamaterial samples. However, the most common type of resonator used to achieve anomalous values of the permeability at microwaves, the split-ring resonator [11] , exhibits a physical dimension of the order of , which may represent, thereby, a significant limitation.
In order to overcome this drawback and reduce the dimensions of the resonant inclusions, multiple split-ring and spiral resonators may be used. In [12] , we have presented suitable circuit models for a quick design of both of these artificial magnetic inclusions. Such models are limited to the ideal cases of: 1) absence of losses and 2) resonators immersed in air. Moreover, the models presented in [12] are able to accurately predict only the resonant frequency of the individual inclusions without giving any information about their quality factor, which may give a good indication of the bandwidth of operation of the metamaterial constituted by those inclusions. Finally, the circuit models proposed in [12] do not give the designer any information on how to get a specific value of the real part of the permeability needed to fabricate a given component and on the losses related to the imaginary part of the permeability in realistic layouts.
The aim of this paper is to present a significant extension of the work done in [12] , proposing complete circuit models that also take into account the presence of a dielectric substrate where the inclusions are printed on and the losses both in the dielectrics and metallic conductors. Moreover, in this paper, we compare the analytical results obtained from the presented models and both the full-wave simulations and measurements.
On the other hand, when moving towards higher microwave frequencies, miniaturization of the inclusions might not be an 0018-9480/$25.00 © 2007 IEEE issue any more. Sometimes, indeed, miniaturization has to be avoided, due to the technological limitations to print sufficiently small inclusions. In this case, new concepts have to be employed in the design of the inclusions and a possible solution consists in the employment of the so-called labyrinth resonators [13] , i.e., inclusions characterized by multiple splits along the ring strips. The labyrinth resonator has been experimentally investigated in [13] , while in [14] , for the first time, we have derived an accurate analytical model of this type of inclusion based again on a suitable resonant circuit. Also in this case, the model is limited to a labyrinth resonator immersed in air and made by an ideal conductor. In this paper, we extend the formulation presented in [14] and propose a complete model, which takes into account the presence of the dielectric substrate and the losses in the conductors and dielectrics. Also in this case, the analytical model is tested through a proper comparisons with full-wave numerical results and the measurements. This paper is organized as follows. In Section II, we present the extended analytical models of the multiple split-ring, spiral, and labyrinth resonators in terms of suitable equivalent circuits, validated through the comparison with proper full-wave numerical simulations and experimental measurements. In Section III, we analytically derive the quality factor of the isolated inclusions proposed in Section II. A discussion of the quality factor is also conducted with the perspective of the possible applications in real-life artificial magnetic metamaterials. Finally, an analytical representation of the macroscopic permeability function of a given arrangement of resonators is derived and compared with the permeability numerically retrieved through the scattering parameters [15] , [16] .
II. MULTIPLE SPLIT-RING, SPIRAL, AND LABYRINTH RESONATORS: ANALYTICAL MODEL, DESIGN, AND EXPERIMENTAL VERIFICATION

A. Multiple Split-Ring Resonators
In [12] , it has been shown that the electromagnetic behavior in the quasi-static regime (i.e., when the inclusions are much smaller than the operating wavelength, which is, indeed, the case when artificial magnetic inclusions are used to fabricate metamaterial samples) of the lossless multiple split-ring resonator immersed in air is described by the equivalent series circuit depicted in [12, Fig. 1(b) ].
The presence of a dielectric substrate, upon which the multiple split-ring resonator is printed [see Fig. 1(a) ], does not affect the inductance. Therefore, its expression is the same as the one reported in [12] (1) where is the vacuum permeability, is the side length of the external ring, is the width of the strips, is the separation between two adjacent strips, is the average strip length calculated over all the rings, and is the so-called filling ratio [12] . The expression of the capacitance is also given by the formula derived in [12] (2) but this time, the per-unit-length capacitance between two parallel strips having width and separation in the presence of a dielectric substrate of height and relative permittivity differs from the one given in [12] and reads (3) where is the vacuum permittivity, is the complete elliptic integral of the first kind, , and the effective relative permittivity related to the dielectric filling the substrate is given by (4) This formula has been heuristically determined through a proper fit of different sets of numerical data under the assumption that the substrate thickness is not very large compared to the inclusion details (i.e.,
. 1 In particular, four constraints have been imposed to derive (4), which are: 1) when , the effective permittivity is expected to be a linear function of ; 2) a further increase of the substrate thickness should correspond to a smoother growing of the effective permittivity; 3) should go to 1 when the thickness of the dielectric substrate vanishes; and 4) should go to 1 when the substrate is filled by air. Formula (4) satisfies all four of these constraints in the range of validity.
Although mutual interactions between nonadjacent segments and rings are neglected, (1) and (2) describe in an accurate manner the behavior of the multiple split-ring resonator in the quasi-static limit when perfect conductors and dielectrics are considered [12] .
In the case of lossy conductors and dielectrics, the correct equivalent circuit of the multiple split-ring resonator is now the one reported in Fig. 1(b) . We added a series resistance to take into account the losses in the conductor and a shunt resistance to describe the losses in the dielectric substrate. The equivalent resistance is in series with the inductance and, thus, should be calculated along the same domain (i.e., the equivalent loop described in [12] ). Inductance in (1) can be cast in the form , where is a per-unit-length inductance and is the average length of the loop with being a correction function depending on the filling ratio. Therefore, the total series resistance can be cast in the same form as , where is the per-unit-length resistance, with being the electrical resistivity of the metal and being the thickness of the metallic strips. Thereby, the final expression of the total series resistance reads (5) The shunt resistance is in parallel with the total capacitance and can be determined as follows. Let us consider at first the most external pair of rings. Following the discussion about the current and voltage distribution on the rings referred in [12] , the conductances associated to the two symmetrical halves of the ring pair are connected in series to each other. Therefore, the total conductance of the most external pair of rings is given by , where is the total length of the gap between the two rings and is the per-unit-length conductance, with being the conductivity of the dielectric substrate. The shunt resistance associated to the most outer pair of rings is thus given by . When adding the other inner rings, the shunt resistances associated to each pair of adjacent rings are all connected in parallel. However, since these resistances are not equal to each other, due to the different lengths of the rings, it is not straightforward to derive a formula for the total equivalent shunt resis- . We just know that this resistance should have the form , with being a decreasing function of . Under the assumption that is not too close to the maximum number of the rings allowable for a given inclusion, 2 a suitable expression for has been determined through a proper fitting of numerical data as . Therefore, the final expression for is given by (6) Using (1)- (6) and the circuit representation depicted in Fig. 1(b) , it is now possible to analytically calculate the resonant frequency of the individual inclusion. The comparison with the values obtained through the full-wave numerical results performed through CST Microwave Studio and the measurements is reported in Fig. 2 .
The inset of Fig 2 shows how the measurements have been performed. As already done in [13] for a different type of resonator, the isolated multiple split-ring resonator has been placed between two electrically small monopole antennas connected to the HP-8510C network analyzer to measure the transmission coefficient. The antennas and resonator are arranged in such a way that the magnetic field produced in the near zone by the antennas excites the multiple split-ring resonator (see the inset of Fig. 2) . In order to calibrate the network analyzer, we measured at first the transmission spectra in free space (i.e., without the multiple split-ring resonator unit cell). We then have inserted the multiple split-ring resonator unit cell between the monopole antennas, and we performed the transmission measurements by maintaining the distance between the transmitter and receiver monopole antennas fixed.
The numerical simulation of the behavior of the inclusion has been performed in two ways, which are: 1) we have considered a plane wave impinging on the isolated inclusion depicted in Fig. 1(a) with the impinging magnetic field aligned along the axis of the magnetic inclusion (in this case, in order to detect the magnetic resonant frequency of the inclusion, a magnetic field probe revealing the normal component of the -field with respect to the multiple split-ring resonator has been placed in the center of the inclusion) and 2) we have simulated the experimental setup previously described with the two antennas and the multiple split-ring resonator in the middle). The simulations performed through these two methods return very close values of the resonant frequency (the discrepancy is always within a couple of percentage points).
The good agreement between measured, simulated, and analytical data is well evident from Fig. 2 . In addition, in Fig. 2 , the expected saturation of the resonant frequency (see [12] ) is also evident. From the practical point of view, we learn that a few rings are enough to obtain a good reduction of the resonant frequency, giving a typical miniaturization rate of the order of in the linear dimensions of the inclusion.
B. Spiral Resonators
Further miniaturization may be obtained using the spiral resonator [17] , [18] depicted in Fig. 3(a) . Such an inclusion, which is the planar version of the "Swiss roll" (i.e., a metallic sheet wound as a coil to form a cylindrical resonator) proposed in [11] is currently used in several experimental layouts (including low-profile antennas [19] and ultrathin microwave absorbers [20] ) that foresee the employment of magneto-dielectrics and mu-negative metamaterials.
In parallel to what has been done for the multiple split-ring resonator, we have already derived in [12] an accurate equivalent model for the lossless isolated spiral resonator immersed in air. The presence of a dielectric substrate affects only the distributed capacitance between the turns of the spiral and, thus, the final expressions of the total inductance and capacitance read as follows: (7) (8) where this time is the number of the turns of the spiral, is the side length of the external turn, is the width of the strips, is the separation between two adjacent turns, is defined as for the multiple split-ring resonator, and is the average length of the spiral turn. It is worth noticing that, as in the case of the multiple splitring resonator, we have also considered in this case the squared version of the spiral resonator. Anyway, the same formulation also applies to the circular counterparts, simply by changing the length of the straight segments with the length of the circular ones. Fig. 3(a) . Now assuming the presence of the losses in the metallic conductor and in the dielectric, the equivalent-circuit model of the spiral resonator is the one depicted in Fig. 3(b) . The series resistance taking into account the losses in the conductor has been determined analogously to the multiple split-ring resonator case and it is given by (9) In the same way, the shunt resistance, which takes into account the dissipation in the lossy dielectric, can be written as (10) Also in this case, from the equivalent circuit depicted in Fig. 3 and (7)- (10), it is possible to analytically derive the resonant frequency of the spiral resonator. A comparison between the results obtained using the proposed analytical model, the full- wave simulations carried out through CST, and the measurements is reported in Fig. 4 . A good agreement between the different sets of data is observed.
Please also note in this case the saturation behavior obtained when increasing the number of the turns. Again, there is no need to fill in the entire free area in the center of the resonator. The achievable miniaturization here is of the order of , which is a useful result for a lot of interesting applications.
C. Labyrinth Resonators
When metamaterials with anomalous values of the permeability are to be designed for the higher microwave frequencies, miniaturization is not always desired. To this end, a suitable inclusion, called the labyrinth resonator, has been proposed in [13] . The details on how to derive from the circuit model the total inductance and capacitance when the inclusion is in free space and losses are neglected have already been reported in [14] .
The inductance is not affected by the presence of the dielectric substrate [see Fig. 5 (a)] and should be the same as in [14] . However, we found out that, in parallel to what happens for the multiple split-ring and spiral resonators [see (1) and (7)], it is better to replace the total external length of the inclusion with the average length of the ring as (11) The total capacitance of the labyrinth resonator is given by two contributions, which are: 1) the distributed capacitance as for the previous inclusions and 2) the capacitances associated to the cuts. In the case of the labyrinth resonator, in fact, it is not advised to neglect the cut capacitances anymore. Since the effect of the distributed capacitance is very much reduced in the labyrinth resonator, the length of the gap starts playing a significant role. The gap capacitance, in fact, may be of the same order of magnitude of the total distributed capacitance.
Considering the series and parallel connections of the capacitances in Fig. 5(b) , the first contribution is given by the sum of the distributed capacitances between any pair of adjacent rings as (12) where this time is the number of the concentric rings, is the side length of the external ring, is the width of the strips, is the separation between two adjacent rings, is the length of the cuts, and is defined as for the multiple split-ring and the spiral resonator.
The second contribution, instead, is given by the sum of the capacitances of the gaps as (13) where the usual formula of the capacitance between two printed strips with separation and width has been amended here by using (4). Finally, since it can be shown that the gap capacitance is connected in parallel to the distributed capacitance [11] , the total capacitance is given by (14) The series resistance of the labyrinth resonator is obtained in the same way as for the previous inclusions as (15) The shunt resistance is instead given by the two following contributions: (16) (17) where the average length of the ring reads (18) , which is the resistance associated to the dielectric losses between the strips, has been calculated as for the multiple splitring and the spiral resonator, while , which represents the dielectric losses in the cuts, is derived straightforwardly from the definition of resistance and considering that all the contributions are equal and all connected in parallel. The final expression of the equivalent shunt resistance thus reads (19) Again, using the equivalent circuit depicted in Fig. 5(b) and (11)- (14), it is possible to analytically derive the resonant frequency of the individual labyrinth resonator. In Fig. 6 , we show the comparison between the results obtained through the model proposed here, CST full-wave simulations, and measurements. 
III. QUALITY FACTOR AND PERMEABILITY FUNCTION
A. Quality Factor of the Isolated Inclusion
One of the main issues related to real-life metamaterials is their inherent narrow bandwidth of operation. The bandwidth of the fabricated metamaterial is strongly related to the resonance behavior of the inclusions used to implement the material. Since the resonant behavior of the inclusions can be easily derived from the accurate resonant circuits we have presented in Section II, it is also possible to analytically express the expected operative bandwidth of a metamaterial made up by a certain set of inclusions.
A good estimation of the bandwidth may be derived as the inverse of the quality factor related to the resonance of the individual inclusion. Considering generic equivalent circuit representations as the ones proposed in Section II, the quality factor in the presence of the losses both in the dielectric substrate and metallic conductor can be written as [21] (20) where is the quality factor related to the losses in the metallic conductor and is given by with (21) is the quality factor related to the losses in the dielectric substrate and is given by with (22) with being the angular resonant frequency of the circuit.
In Fig. 7 , we show the behavior of the quality factor of individual multiple split-ring and spiral resonators as a function of the number of rings/turns . The quality factor is normalized to the one of the split-ring resonator with the same space occupancy.
The comparison between the analytical evaluation of the quality factor using the proposed circuit models and the numerical results presented in [12] clearly shows the accuracy of the present formulation.
It is worth noticing that, as expected, in the cases of multiple split-ring and spiral resonators, the electrically smaller the inclusions (i.e., the higher the miniaturization rate is), the higher the and the narrower the operation bandwidth of the metamaterial. This is, of course, an unavoidable optimization issue, whose solution is left to the designer and depends on the specific application for which the metamaterial has to be tailored.
B. Equivalent-Circuit Model and Permeability Function
Here we present a compact and accurate formulation for the effective permeability of a medium densely filled with multiple split-ring, spiral, and labyrinth resonators. As a first-order approximation, the permeability function is derived using the Clausius-Mosotti [10] equation as (23) where is the number of inclusions per unit volume and mm is the magnetic polarizability of the individual magnetic inclusion defined as [22] (24)
The effective impedance associated to the individual magnetic inclusion can be determined through the proposed circuits shown in Figs. 1(b), 3(b) , and 5(b) for the multiple split-ring, spiral, and labyrinth resonator, respectively, with
The analytical expression of the permeability derived through (23) is compared here with the permeability function derived through a direct numerical retrieval from the calculated scattering parameters [15] , [16] . The corresponding results for the case of a multiple split-ring and a spiral resonator are reported in Figs. 8 and 9 , respectively.
The results obtained through the employment of analytical formula (23), which is based on the models derived in Section II, are in a rather good agreement with the numerical data retrieved from the calculated scattering parameters. 
IV. CONCLUSION
In this paper, we have presented accurate analytical circuit models for the design of different magnetic inclusions, such as the multiple split-ring, spiral, and labyrinth resonators, to implement real-life metamaterials with anomalous values of the permeability. Starting from existing models considering only lossless metallic conductors and inclusions immersed in air, we have derived a complete formulation, which is able to take into account the presence of a dielectric substrate, where the inclusions are printed on and the presence of the losses in both the dielectric substrate and in the metallic conductor. The extended models presented here are able to predict with a very good accuracy the resonant frequency of individual multiple split-ring, spiral, and labyrinth resonators.
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